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MODELLING THE CoLLISION OF Two BLACKHOLES

Inspiral Merger Ringdown
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Figure 1: The waveforms are shifted and inverted to compensate for the slightly different arrival
times and different orientations of the detectors (red: LIGO Hanford, blue: LIGO Livingston). LIGO
data and simulated evolution of the black hole event horizons as the system coalesces and merges.




MODELLING THE CoLLISION OF Two BLACKHOLES

Our goals:
1. Estimate how much energy is released during the collision.
2. Estimate the energy that arrived at Earth from this collision.
3. Determine the distortion on Earth and its frequency.
4

. Identify why gravitational waves are so hard to measure.




ENERGY RELEASED FROM COLLIDING BLACK HOLES

What is the initial energy from two black holes of mass M7, My?

(Assume they are infinitely far away.)
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BrLAck HoLE FINAL ENERGY

m Second law of Thermal Dynamics: entropy (chaos) of a system is always increasing.

m Hawking: Entropy of a black hole is proportional to the surface area, hence the surface
area must be increasing.

Black Hole Area Theorem
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To get the maximum energy transmitted, we want to "lose" the most area, so we will take the
quality:

Afina = A1 init + A2.nit




How BiG ARE THESE BLACK HOLES?

Schwartzschild Radius

Recall in the first session, we derived the Schwartzschild radius, which is the radius of an
event horizon for a Schwartzschild black hole.




How BiG ARE THESE BLACK HOLES?

Schwartzschild Radius

Recall in the first session, we derived the Schwartzschild radius, which is the radius of an
event horizon for a Schwartzschild black hole.

Exercise:

1. Show the expression R = GC—ZM is the radius for any mass m orbiting around a central
mass M.

2. Show this expression is dimensionally consistent.



BrLAck HoLE FINAL ENERGY

Using the Schwartzschild radius of a Black Hole:

GM
Rp =2-5-
C

Rewrite the area theorem into a statement of masses.

Afinal = Al inst + A2 init

ATRE fina = ATRE 1 init + 4TRE 3 it
Simplifying the expression, we will find that:
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ENERGY RELEASED FROM COLLIDING BLACK HOLES

What is the minimum final energy after the collision between two black holes of mass
M, My?
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ENERGY RELEASED FROM COLLIDING BLACK HOLES

What is the minimum final energy after the collision between two black holes of mass
M, My?
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BrLAck HoLE FINAL ENERGY

Black Hole Final Mass

M} = M} + M3

Suppose we have two black holes of equal masses: M; = My = M. Based on the relation of
final masses, what is the energy of the black hole formed by their collision?

A V2Mc?
B Mc?
C 2Mc?

D 4Mc?




BrLAck HoLE FINAL ENERGY

Black Hole Final Mass

M} = M} + M3

Suppose we have two black holes of equal masses: M; = My = M. Based on the relation of
final masses, what is the energy of the black hole formed by their collision?

A V2Mc?

B Mc?
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BLAck HoLE ENERGY LoST

Black Hole Energies

Recall our calculations of the energies for two colliding black holes of masses M; = My = M:

E; =2M¢?
Ef = V2Mc?

What is the maximum percentage of energy lost during this collision?
A. 29%

B. 41%

C. 711%

D. 100%
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ENERGY TRANSMITTED TO EARTH

Exercise: So far we concluded 29% of the original black holes’ energies get lost. They get
emitted and some of it arrive at Earth.

Q1. How much energy is emitted from the collision?

k =29% (Percentage of energy emitted)
M =M, =M;=5x103kg (Mass of the black holes before collision)
c=3x10%m/s (Speed of Light)




ENERGY TRANSMITTED TO EARTH (BREAKOUT ROOMS)

Q2. How much energy is transmitted to Earth?

s =123 x10%m (Separation between Earth and collision)

Rp =6 x10%n (Radius of the Earth)

Hint: Think back to last time, how did we calculate the power received at Earth as a function
of power radiated from the sun?




ENERGY TRANSMITTED TO EARTH (SOLUTIONS)

Q1. How much of energy is emitted from the collision?

AE = k(2M)c?

Q2. How much energy is transmitted to Earth?

WR%
472
7TR2E
47?2
—1.18 x 10'1J

EEarth = AFE x

= 2kMc?




ENERGY TRANSMITTED TO EARTH

We found that E.,,, is massive — in fact, enough to power 1000 households for a day.

So... Why are blackhole collisions so hard to detect?




ENERGY TRANSMITTED TO EARTH

We found that E.,,, is massive — in fact, enough to power 1000 households for a day.

So... Why are blackhole collisions so hard to detect?

m We cannot learn much from the energy, nothing about its origin, could be black holes,
could be anything...

m Scientists at LIGO instead study the distortions and its frequency to the experiment
apparatus due to gravitational waves.




DisTORTION (BREAKOUT RooM, 10 MIN)

Calculating how much the actual gravitational waves distorted the LIGO apparatus is hard...
However, we can estimate it using the fact that "strain" is conserved:

Ry _ AL
s L




DisTORTION (BREAKOUT ROOMS)
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Using the relation to find the distortion (AL) on LIGO apparatus:

G =6.67 x 1011]\[};972712 (Gravitational constant)
M =M =M, =5x103kg (Mass of the black holes before collision)
c=3x10%m/s (Speed of Light)
s=1.23 x10%m (Separation between Earth and collision)
L=4x10°m (Size of the LIGO Apparatus)




DISTORTION (SOLUTION)

With this is very elementary estimation, we found:

AL =1.2x10"%m

AL
ha~ — ~10"2
L

Using simple geometry, we are correct up to the same order of magnitude! However, the AL
we can measure here is very small, about 1075 the size of the atom... Can we do better?




DISTORTION (SOLUTION)

With this is very elementary estimation, we found:

AL =1.2x10"%m
AL
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Using simple geometry, we are correct up to the same order of magnitude! However, the AL
we can measure here is very small, about 1075 the size of the atom... Can we do better?

m h is dictated by the phenomenon we try to measure, which is hard to change.
m Even for small AL, we can get good results with better (= more expensive) detectors.

m L is how big our experiment is, so if we just make it larger... Turns out this is hard!



ExPERIMENT Si1ZE (L) CONSIDERATIONS

Turns out LIGO is already tried to enlarge L!

m The size of LIGO is 4km. In the previous calculation we used 4 x 10°m, the extra factor
of 100 is because the laser beam is reflected 100 times, effectively increasing L.

However, increasing L comes with its real life concerns. Any ideas?




ExPERIMENT Si1ZE (L) CONSIDERATIONS

Turns out LIGO is already tried to enlarge L!

m The size of LIGO is 4km. In the previous calculation we used 4 x 10°m, the extra factor
of 100 is because the laser beam is reflected 100 times, effectively increasing L.

However, increasing L comes with its real life concerns. Any ideas?

m Cost of construction and maintenance
m Environmental noise

m Takes longer to vacuum

m Effects of curvature of the Earth

m The laser requires a certain operating frequency, which is closely related to L.



LASER FREQUENCY AND DETECTOR SIzE

LIGO uses laser interferometers to detect gravitational waves, which has its best reponse
when the wavelength of the laser matches that of the gravitational wave. As well, the
wavelength of the laser should match the length of the experimental apparatus, so:

Transfer Frequency

L= )\G’Wave - )\laser
(& @€

- 27TfG’Wave B 27Tflaser




LASER FREQUENCY AND DETECTOR SIzE

We can use Keplar’s law to approximate the frequency of the gravitational waves, which we
had earlier modelled as two rotating black holes.

Keplar’s Third Law

The square of a planet’s orbit period is proportional to the cube of the radius of the orbit.
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Exercise:
1. Show Keplar’s third law using force equilibrium between centripetal force and
gravitational force.
2. The trajectory for a planet in orbit is an ellipse, how could we modify the statement
above?




LASER FREQUENCY AND DETECTOR SizE (BREAKOUT RooM)

Recall:
(@ _ ©
27TfGI/Vave 27Tflase7‘
472

TC%Wave = (G7M ) R%

Using the two relations above, find the desired frequency for LIGO interferometers.

c=3x10%m/s (Speed of Light)
11 N - m2 -
G =6.67 x 10 e (Gravitational constant)
g
M =5 x 103 kg (Mass of orbiting black hole)
Rp = 74000m (Radius of the black hole, pre-collision)



LASER FREQUENCY AND DETECTOR SizE (SOLUTION)

The transfer frequency of LIGO detector using our models would be

R3
Tewave = 2T Gi_ZBW

1
flaser = fG'Wave =

TGWave

1 |GM
flaser = % Ri% ~ 456 H 2




ANOTHER LOOK AT THE Lico DATA

Inspiral Merger Ringdown
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Focusing on the region where the two black holes merged (near ¢ = 0.4s), we see that:

AL
Strain = — ~ 102!
rain I
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Frequency = T = 001 ~ 100H =z
.01s




LASER FREQUENCY AND DETECTOR SIzE

Turns out we are off by a factor of 4! The actual frequencies of the Gravitational waves:
flase’r ~ 100Hz ~ 150H z

We can then estimate the length of the experiment needed:

_ 1
27Tflaser

This is quite closer to the size of LIGO. Nicely done future particle physicists :)

L ~4x 10°m
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